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THE HOMOTOPY GROUPS OF THE L,-LOCALIZED
TODA-SMITH SPECTRUM V(1) AT THE PRIME 3

KATSUMI SHIMOMURA

ABSTRACT. In this paper, we try to compute the homotopy groups of the
L-localized Toda-Smith spectrum V(1) at the prime 3 by using the Adams-
Novikov spectral sequence, and have almost done so. This computation in-
volves non-trivial differentials d5 and dg of the Adams-Novikov spectral se-
quence, different from the case p > 3. We also determine the homotopy groups
of some Lo-localized finite spectra relating to V(1). We further show some of
the non-trivial differentials on elements relating so-called (-elements in the
Adams-Novikov spectral sequence for 4 (S?).

INTRODUCTION

Let L,, be the Bousfield localization functor from the category of spectra to itself
with respect to E(n) [19], and V (k) denote the Toda-Smith spectrum [26] with
BP,-homology BP./(p,v1, - ,Un), at each prime number p. Here BP and E(n)
denote the Brown-Peterson and the Johnson-Wilson spectra with coefficient rings
BP, = Z[v1,v2,---] and E(n), = Zgylvr,- -+, vp, 0, 1] with [v,| = 2(p™ — 1).
The Toda-Smith spectrum V' (k) is known to exist for k£ < 4 if and only if p > 2k
[26], [20], and note that V(—1) = SY and V(0) is the mod p Moore spectrum.

Determination of the homotopy groups of the L,-localized sphere spectrum is
one of the key problems to understanding the category of L,-localized spectra. It
is well known that 7,(LoS") = Q. The homotopy groups 7. (L1S°) are determined
by Ravenel [19] and 7, (L2S°) is determined for p > 3 by Yabe and the author [24].
Thus the next case will be 7,(L2S°) at the prime 3. At the prime p > 3, the ho-
motopy groups 7. (L2S%) are obtained from 7, (L2V (1)) by the v;- and p-Bockstein
spectral sequences. Furthermore, at p > 3, the homotopy groups m.(L2S°) are
isomorphic to the Fs-term of the Adams-Novikov spectral sequence, and they can
be determined purely algebraically. Besides, m.(L2V (1)) is obtained from the co-
homology of the Morava stabilizer algebra So, which is computed by Ravenel (cf.
[20]). Different from the case p > 3, the homotopy groups at the prime 3 are not
isomorphic to the Es-term of the Adams-Novikov spectral sequence, and besides
the Fs-term of the Adams-Novikov spectral sequence for computing 7. (L2V (1)) is
expressed by the language of cohomology of groups [4] (¢f. [3], [28]). Actually, Henn
noticed a mistake in [20, Th. 6.3.23] and gave the correction of it in [4] from the
viewpoint of cohomology of groups. In this paper, we provide another verification
of this result using the cobar complex in Section 5.
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The homotopy groups 7. (L,V(n — 1)) are computed by Ravenel [20] for n < 3
and p > n+1, in which case the Adams-Novikov spectral sequence collapses. So the
next case in this sense is p = n+ 1, whose case involves non-trivial Adams-Novikov
differentials. When n = 1, this is a celebrated result of Mahowald (cf. [6],[7],[8]).
We study the case n = 2 here in this point of view.

In order to state our results, we introduce the notations:

K(2). = Z/3[v2,07 ], K =Z/3[v3,v5"),
V=27/3{vy | j=0,1,5}, V=2/3{vj|j=2,3,4,6,7,8]},
P =17/3[b1p] and P, = P/(b}y).

Our main result is the following shown in Section 10.

Theorem A. The homotopy groups m«(L2V (1)) at the prime 3 are isomorphic to
the tensor product of the exterior algebra A((2) and the direct sum of K-modules

P,V ©K{a 21,05} ® P30V ® K{as:, ajs}
® PV ®K{ag,a’ 3)} & Ps @V @ K{ao, agy}

for the generators (o € m_1(L2V (1)), a; € m(L2V (1)) and a; € magp41(L2V (1)).
Here, k is a fized integer of {0,1,2}.

Unfortunately, the integer k € {0,1,2} stays undetermined but this theorem
shows the size of the homotopy groups. The homotopy groups are computed by the
Adams-Novikov spectral sequence, and are just the Ejp-term (see Theorem 10.6)
for them, in fact, £}, = 0 if s > 12.

On the way computing it, we determine the homotopy groups m.(L2X A V(1))
in Section 4 for the 8-skeleton X of BP with BP,(X) = BP.{1,a,b}, where |a| = 4
and |b] = 8.

Theorem B. The homotopy groups m.(L2X AV (1)) are isomorphic to the tensor
product of the exterior algebra A((2) and the K(2).-module generated by by, bs, be,
bio, b11 and bys for the generators by € m(L2X AV (1)).

This is used to determine the Fs-term of the Adams-Novikov spectral sequence
for computing 7. (L2V (1)) (see Theorem 5.8). To show the relation d,(z(2) €
CEf(L2V (1)) of the differential of the Adams-Novikov spectral sequence
{E}(L2V (1))} for LV (1) (see Lemma 6.9), we compute the homotopy groups of
L2V1 for

Vi=V(1)Ug »HLY (1)
in Section 6:

Theorem C. The homotopy groups m.«(L2V1) are isomorphic to the tensor product
of the exterior algebra A((2) and the K(2).-module generated by ao, as, ag, ai1,
ais, as1, asq and agg for the generators a; € m(LaV1).

In the same way, we determine m,(L2V3). Furthermore, we compute m.(L2V3)
to determine the Adams-Novikov differential d5 on L2V (1) in Section 9.

Theorem D. The homotopy groups m.«(LaV2) and m.(LaV3) are given as follows:

W*(LQ‘/Q) = W*(LQ‘/l) & A(ﬂl)v and o
Tu(LaV3) =A(G) K Q@ (P3sV@FL ®A(gs) @V ® (P ® Fy ® P3Q F3)).



HOMOTOPY GROUPS OF THE L»-LOCALIZED TODA-SMITH SPECTRUM 1823

Here xgs € m.(L2V3) denotes an element such that j.(xgs3) = x for the projection
j: Vs — 23V (1), and

Fy = Z/3{ao, as1,a_21,a82,a’_3,ag9, a5g,0" o4},
F2 = Z/3{a_21,a'_24} and F3 = Z/3{a51,a§8},

for the elements a; and a,f in Theorem A.

Pemmaraju [16] recently shows that there exists a self map B : £V (1) — V(1)
with BP,(B) = vj. But here we show that m,(LsV (1)) is a Z/3[v3, v °]-module in
a different way from his, using the homotopy element 3g/3 € 7. (S%). Furthermore,
his result shows the existence of -elements §; with t =0, 1,2, 3,5,6 (9) (see Section
2 for the definition of the S-elements). As a corollary of Theorem A, we have

Theorem E. The 3-element (3; exists in mi(L2S%) if t =0,1,5 (9).
On the non-existence, we obtain, in the last section, the following

Theorem F. In the homotopy groups m.(S°), the B-element B; does not exist if
t=4,7,8(9).

Note that for the case p > 3, the S-element [3; exists in 7. (SY) for any ¢ > 0.
More generally, the B-elements (3, /, and By2¢/p, 2 are also shown to exist for p > 3
by Oka (cf. [20]). See Section 10 for the definition of these 8-elements. At the prime
3, we show a generalization of Ravenel’s odd primary Kervaire invariant theorem:

Theorem G. The (-elements Boi13/3, Bosyz,2 and B3igyzi do not exist in the ho-
motopy groups . (S°) fort >1,s#0 (3) and i > 1.

Recall the theorem of Hopkins-Gross that the Brown-Comenetz dual I, F' of a
finite spectrum F with K(n).(F) # 0 and K(n — 1).(F) = 0 is homotopic to the
Spanier-Whitehead dual L,DF of F up to suspension if plp ~ 0 and p is large
enough to satisfy the inequality 2p — 2 >max{n? 2n + 2}. Our case n = 2 and
p = 3 does not satisfy the condition, but it seems to hold true for our case. Here
we can prove it for ' =V} in Section 6 by using Theorem C.

Theorem H. ¥739L,V; ~ L V.

As is seen in the chart of Theorem 9.1, this kind of duality seems to hold even at
p = 3. If we know the duality of this kind for LaV (1) previously, the computation
will be much easier.

This paper is organized as follows:

Some properties of the Adams-Novikov spectral sequence.
Some homotopy elements in . (V(1))

Ravenel’s spectral sequence

The homotopy groups m.(L2X A V(1))

The Adams-Novikov Ex-term for LoV (1)

The homotopy groups of LaV;

Z/3[v, v5 *]-module structure

The Adams-Novikov differential on LyV (1)

The homotopy groups of LoV, and LoVs

The Fjo-term of the Adams-Novikov spectral sequence for LoV
The non-existence of 3-elements

HO O OE W

—_ =
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The author would like to thank Don Davis for carefully reading the first draft of
this paper, and not only kindly pointing out gaps in the proof of a lemma which is
here Lemma 9.7, but also suggesting the author to prove that v3 detects a homotopy
element which first was quoted from Pemmaraju’s result.

1. SOME PROPERTIES OF THE ADAMS-NOVIKOV SPECTRAL SEQUENCE

Throughout this paper, we consider everything localized at the prime 3. By BP,
we denote the Brown-Peterson spectrum whose coefficient ring and self homology
are polynomial algebras

BP. =Zvi,v2,---] and  BP.(BP) = BP.[t1,1s,- -]

over the generators v; and t; with degree |v;| = 2(3" — 1) = |t;| for i > 0. This
gives rise to a Hopf algebroid (cf. [1]). Consider the BP,(BP)-comodule algebra
E(2). = Z)[v1,v2,v5 '] whose BP,-action is given by sending v; to v; for i < 2
and to 0 otherwise. Then F(2).(—) = E(2). ®pp, BP.(—) is a homology theory
by the Landweber exact functor theorem, and we denote F(2) for the spectrum
representing the theory. It is a ring spectrum and yields the Hopf algebroid (A,T) =
(B(2).., E(2).(E(2))) with

(L1) D = E@).(B@2) = BQ2).[t o1/ (i 2> 2).

Here u; denotes the image of v; under the homomorphism B P, a5 BP,(BP) —
E(2).[t1,t2,- -] for the right unit nr of the Hopf algebroid BP,(BP). Since T is
flat over A, the category of I'-comodules has enough injectives, and Extr (A4, —) is
defined to be a derived functor of Homrp (A, —).

Recall [2] the construction of the Adams-Novikov spectral sequence. Let E be a
ring spectrum with the unit map i : S — E, and E the cofiber of i. Then we have
the exact couple

s+1
E'AG : B A
int '

Al
EANE NG
for a spectrum G. Consider the cofiber E of k* : E° — %55, and we have another
exact couple

_ ks _
E. NG - Eoi1 AG

is
Js
ENE’AG.

Applying the homology functor 7, (—) to this exact couple, we obtain the spectral
sequence abutting to 7. (G). This spectral sequence is called a generalized Adams
spectral sequence based on E. This exact couple also gives rise to a finite spectral
sequence converging to the homotopy groups 7. (E, A G) with the same E;-term
as the generalized Adams spectral sequence. Let H be a spectrum, and E*(H)
denote the E,-term of these spectral sequences abutting or converging to m.(H).
The following is an easy consequence of the definition.



HOMOTOPY GROUPS OF THE L»-LOCALIZED TODA-SMITH SPECTRUM 1825

Lemma 1.2. For any integersn,r > 0, E$(E,AG) =0 if s > n, and E3(GAE,,) =
E:Q)ifs<n-—r.
Let
x Ly Lz sx
be a cofiber sequence with E,.(h) = 0. Then we have short exact sequences of
FE1-terms which yield a long exact sequence

S f* S * S a S
(1.3) ---—>E2(X)—>E2(Y)g—>E2(Z)—>E2+1(X)—>---

of E>-terms, where 0 denotes the connecting homomorphism. In the same way as
[10, Th. 4.1], we see the following

Lemma 1.4. Suppose that the differential d, : E(W) — EST"(W) is trivial if
r<n for W=X,Y,Z. If g.(y) is a non-trivial permanent cycle for y € E5(Y) =
E>(Y), then

dn(y) = fu(hoz) € E;Y"(Z) = E5™(2),
where z denotes a homotopy element representing g«(y), and T denotes the projec-

tion of a homotopy element x of . (X) into E5T"(X).

Take now E = E(2) (resp. = BP). Then the spectral sequence converges to
7+ (L2@G) (resp. . (G)) if G is connective (cf. [19]), and we call it the Adams-Nowvikov
spectral sequence. Here Lo denotes the Bousfield localization functor with respect
to E(2). Let E5(LyG) (resp. ES'(Q)) denote the E,-term of the Adams-Novikov
spectral sequence and it is known that

(L) = Exti' (A, B(2).(G))

(resp. By (G) = Extyp gp) (BPs, BP(Q))).
Now recall the construction of the Toda-Smith spectrum V(1). Let M denote the
cofiber of 3 € my(S°) = Z and we have a cofiber sequence
(1.5) §0 2,60 L gt

Now the Toda-Smith spectrum V(1) is defined to be the cofiber of the Adams map
a € [M, M]4 which is characterized by BP,(«) = v;. Thus we have the cofiber
sequence

(1.6) SAM -2 M V(1) 2 S5
Since V(1) is an S°- and M-module spectrum (cf. [27]), it is well known that
(1.7) For z € ESY(S)and y € EX (LyV (1)),

dr(ry) = dr(x)y + (=1)""*2d,(y) (¢f. [20, Th. 2.3.3]),

where S = 8% or M.
The Bockstein operation on V(1) is defined by the composition 41j; of maps in
(1.6), which induces the usual Bockstein operation § on E3(L2V (1)) given by

(1.8) § = i1,0

for the connecting homomorphism 0y : E4(LyV (1)) — E3TH(LoM).
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Lemma 1.9. Let F denote a finite spectrum such that E(2).(F) is free over E(2),,
and x and y, elements of E5(LaV (1) A F). Suppose that x and y are permanent
cycles such that d,.(xy) =0 for r <5, and that d(zy) # 0. Then

ds (zy) = i1+ (w(2))6(y) € E3(LV (1) A F),

where w(z) € E5(LoM AF) denotes the projection of the Toda bracket (o, ji+(Z), o)
for the homotopy element T detected by x.

Proof. The proof is almost identical to that of [10, Th. 4.2]. Notice that d(zy)
equals the Massey product (9(x),v1,9(y)), and that v; detects the homotopy ele-
ment «. We denote a homotopy element j1Z detected by d(z). Then d(zy) detects
a homotopy element given by the Toda bracket (j1&,a,j17). By Lemma 1.4, we
compute

d5(xy) = il*(a<j1:fc,a,j1§>)
i1«({, 1T, @) 17)
=i.(w)d(y). q.ed.

2. SOME HOMOTOPY ELEMENTS IN 7, (V (1))

Throughout this section we consider the Adams-Novikov spectral sequence
{Ef(X)} for computing 7. (X). First we review the definition of a- and (-elements.
Let 9 : BE3(M) — E3t(8°) and 0 : E5(V(1)) — E5T™ (M) be the connecting ho-
momorphisms given in (1.3) from the cofiber sequences (1.5) and (1.6), respectively.
Recall [20, Cor. 4.3.21] Landweber’s formula ng (vn) = vn +vp_13"  —v3_,t; mod
(3,01, ,Up—2). Then, we see that v} € EY(M) and vl € ES(V (1)) for t > 0. Now,
az, B and By are defined by

ap = 0(v]) € E3(S°),
(2.1) B =01 (vh) € EX(M) and

B = 001 (vh) € E3(S°).
In [20], we find that oy for t > 0 and 3 for t = 1,2, 3, 5,6 are permanent as well as
B, for t =1,2,3,5,6. Send these elements by the induced maps from the inclusions
i1 SY — V(1) and i1 : M — V(1), and we obtain the same named elements in

E5(V(1)). These are represented by elements of the cobar complex as follows (cf.
[14, Lemma 5.4], [20]):

/ t—1
oy = hig, fBp =tvy “haa,

2.2
(22) Bakr1 = v3Fbio and  Bapyo = v3* Ty Co,

for non-negative integers k,t with ¢ > 0. In a similar way, we also have another
(-element (33, /3, which is represented as follows (cf. [14, Lemma 5.4]):

(2.3) ﬂgs/g = SUSS_Bbll and 693/372 = SUSS_Bbll.

Here the homology classes hi;, by; and (s are represented by cocycle of the cobar
complex QFF(2), as follows:

hi=[tY], bu=[tLot2+20t)%] and (o = [vy 1ty + vy (5 — t12)].

For the Adams-Novikov spectral sequence for m,(L2V (1)), we have the following
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Lemma 2.4. In the Eq-term E3(L2V (1)) of the Adams-Novikov spectral sequence,
hio,  v3hio,  hai,  wehir,  wiha,
bio, wv2h11(a and vibiy

are all permanent cycles. Therefore, if x denotes one of the elements, then

dr(yx) = dr(y)z
for any y € EX(LV(1)).
Proof. By [20, Table A3.4], we see that oy, (1, B2, B5 and 5,3 are essential ho-

motopy elements of m,(S?), and these are pulled back to m.(M) and denoted by
of, B, B5 and ﬁé/3, since they have order 3. By (2.2) and (2.3), we see that these

homotopy elements represent the elements of the Es-term for V(1) as follows:

a1 =hio, [1="bw, [2=—v2hnle, P5=—v3hnls, o3 = —vibi1,
o =v1, Bi=hun, Bh=—-vohi1, Bi=—v3hi1, and B3 = —v3hq.
Here [, is also read off from [14, (4.5)] using the relation ) = v3t; mod (3,v1)

obtained from ug = 0 in (1.1). This implies the former half. The latter half follows
from (1.7), immediately. g.e.d.

From here on, we consider the homotopy groups of V (1), the unlocalized one. If
vh of the Eo-term survives to ) of m,(V(1)), then §; in the Fa-term detects the
same named element
(2.5) B = jir(BY) € mer—6(5°),
for j and j; in (1.5) and (1.6) by the Geometric Boundary theorem (cf. [20,
Th. 2.3.4]. As to ), we have the following

Theorem 2.6. Ift = 0,1 or 5, then v survives to Eo-term, that is, it detects a
homotopy element B € 7, (V(1)).

Proof. For t = 0, we put 3 =1 € mo(V(1)). Since ES*(V(1)) = 0 unless t = 0
mod 4 and B35 = 0if s > 1, we see that d,.(vy) = 0 in E7(V(1)), and that v,
detects the homotopy element 3(1).

Now we consider v3. We will show that the homotopy element (5 € 774(S°) is
pulled back to mso(V (1)) by the map jj; : X6V (1) — S°. If this is shown, then we
take ) = (jj1);1(Bs) by virtue of (2.5). The table of Ravenel’s book [20, Table
A.3.4] shows

71'75(50) = Z/3{0419} D Z/9{{E75} and 71'74(50) = Z/3{ﬁ5}, and
m79(S°) = Z/3{az0} and mrs(S%) = Z/3{B17es}-

Consider the long exact sequence
2 s (80) L s (M) L5 mra(80) 2
associated to the cofiber sequence (1.5), and we obtain
5 (M) = Z/3{ix(a19), ix (275, Bs }
for [~35 such that j*(55) = 5. In the same way, we obtain
m79(M) = Z/3{i(020), Braves }
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for 51 such that j, (B}) = (1. Note that aizys € m79(M) by degree reason, and we
compute

Julaizrs) = arwrs = aylar, a1, zes) = (a1, a1, a1)xes = Bies = ju(Bres)-

Therefore, we put

aizrs = Prxes + kiv(oo)

for some k € Z/3. Now consider the Adams-Novikov filtration, which is defined as
follows:

. filt z =n for x € 7. (X) if and only if z is detected by
27) a non-trivial element of EJ(X).

Since i.(ag0) = Qg in the Eo-term, we see that filt i.(ag0) = 1. We also read off
filt aizys = filt Brzes = 5 from [20]. Therefore, kK = 0 and so

(28) (li$75 = ﬂldiﬁg.

We note that s is detected by the element 9y (v3) in the Ey-term. We also see
that v191(v3) = 0 in the Es-term by the definition of d;, which means filt a5 > 1.
Furthermore, filt i.(ag0) = 1 = filt §1. Therefore we read off the relation

(2.9) afs = kf1es
for some k € Z/3, from the homotopy group m79(M). Now define
Bl = 5 — kiu(z75) € mr5(M).
Then, j.(8%) = 35, and (2.8) and (2.9) show
afl =0.
This implies the existence of an element 3 € 7g(V (1)) such that ji.(6¢)) = 3%,
as desired. q.e.d.
3. RAVENEL’S SPECTRAL SEQUENCE

Let X, Y and Y’ be the spectra defined by
(3.1)
X =5° Uay et U_qa, 68, y=4° Uay e* and Y'=9° U_qy et
Note that X and Y are the 8-skeleton and the 4-skeleton of BP, respectively. Then
we have cofiber sequences
Y L X 88 Eny and 80 - x L wtyr B gt
Here i : Y’ — X is defined to be the composition Y’ LY cXfori fitting into the
commutative diagram

—a

(32) 53

—1

S0 Y’

S8 —— 50

%

Y.
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Applying the homotopy functor m.(—), we have two long exact sequences
— m(GAY) BN 7 (G N X) LR e—s(G) — -+, and
e (G) S (G AX) T (G AYT) —
for any spectrum G. These associate the spectral sequence
(3.3) EY' = (Alo1) ® Zz) [B1] @ TG A X)) 5 = 1o (G)
with bidegree ||a1|| = (1,4), ||61]] = (2,12) and ||z|| = (0,t) for = € m(G A X).
Taking E(2) A G for G above, we have the short exact sequences
(3.4)
0— E©2).(GAY'") = BEQ2).(GAX) L5 B(2),_s(G) — 0, and
0 — E(2).(G) ~= E2).(G A X) 25 E2)_o(GAY') — 0,
since F(2),(X) and E(2).(Y’) are FE(2).-free over generators with degree 0 mod 4.

Applying Ext{* (A, —) to these, we obtain an exact couple which gives us a spectral
sequence

E}" = (A(h1o) ® Zz)[bio] ® Exty™ (A, E(2).(G A X)))>!
= Ext3' (4, E(2).(Q)).

Here the bidegrees are given as follows:

[[Pol] = (1,4), [[bro]| = (2,12) and

l|z]] = (s,t) for z € Exty'(A, E(2).(GAX)).

Note that the classes hip and b1¢ converge to the generators a; and 31, respectively,
of the Es-term of the Adams-Novikov spectral sequence for spheres (cf. (2.2)).

(3.5)

4. THE HOMOTOPY GROUPS 7, (L2X AV (1))
Recall (1.6) the definition of the Toda-Smith spectrum V(1). We use the follow-
ing notation as is done in [15]:
V=V(1) and VX=VAX=V(1)AX,
and obtain that
E(2):(V) = K(2)x = Z/3[v2,v3'] and  E(2).(VX) = K(2).[ts]/(£}),
as a ['-comodule. Then the Fs-term of the Adams-Novikov spectral sequence con-
verging to the homotopy groups m.(L2V X) is
Exty’ (4, K(2).[t1]/ (1))
In order to compute this, we use a change of rings theorem. For this purpose, we
introduce Hopf algebras over Z/3
S. =Z/3[ta]/(tr —11), T.=Z/3[]]/()),
S(2)« = Z/3[t1,ta,--]/(t; =t :i>1) and
S(2,2). = Z/3[t2,ts, -]/ (t: — 17 10 > 1),
whose structure maps are read off from that of T, or that of BP.(BP) (cf. [20,
Chap. 4]). For example, for A : S(2), — S(2). ® S(2)+,

A1) = te1+1®t,
(4.1) Alts) = t2®@14+t @13 +1®1t; and
Alts) = t301+1H 08+t @t) +1®t3+ bis.
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Here,
b=t 2t +tS @3

We then have the extension of Hopf algebras over Z/3

Sy — 5(2). — 5(2,2),
by which we have the Cartan-Eilenberg spectral sequence (cf. [20, A1.3.14])

Ey" = Ext3 (Z/3, Extls), (Z/3,Z/3[t1]/(1})))
— Ext}ld (Z/3.2/3[t]/(£).

Here the Es-term is computed as follows:

By Exty, (Z/3, Exts@z (Z/3,2/3) @ Z/3[t:]/(11))
= Ext} (Z/3, ExtS 2,2).(Z/3,2/3)),

by the change of rings theorem [20, A1.3.12], since Z/3[t1]/(t3) = S.Or,Z/3 seen
by the structure (4.1).

Lemma 4.3. ([20, Th. 6.3.7])
Ext§(2,0(Z2/3,2Z/3) = A(h2o, ha1, hso, ha1).
Here h;j; is represented by t?j of the cobar complex 915(2)2)*Z/3 =5(2,2)..

(4.2)

Theorem 4.4. The Es-term of the Adams-Novikov spectral sequence for m,(LaV X)
is given by
Ey " (LaVX) = A(C2) ® K(2){1, ha1, hao, &, ¢, haok}-

Here (o, € and ¢ are represented by hag + ha1, hi1hs1 and (hag — ha1)hs1, and so
the bidegrees of the generators are:

[IG2ll = (1,0),  [[hnall = (1,12),  ||h20o|| = (1,0),
€]l = (2,8) and [[¢]] = (2,12).

Proof. By the structure map (4.1), the equation (4.2) turns into
Ey" = Ext}, (Z/3,2/3) ® Extl s (2/3,2/3),
and it is well known that
Exty, (2/3,2/3) = A(hw) © Z/3[bu).

The differential do of the Cartan-Eilenberg spectral sequence is computed to be

da(he;) =0 for ¢=0,1; and

da(hso) = —bi1 and  da(h31) = —hi1(h2o — ha1)
by (4.1). Now note that

B3 (LaVX) = K(2). @ Extloy (2/3,Z/3[1)/ (),
and we obtain the theorem. q.e.d.

Since Ey'(LoVX) = 0 unless t = 0 mod 4, the Adams-Novikov differential
d, = 0 for r < 4. The theorem shows that E5*(LyVX) = 0 for s > 4, which
shows d,, = 0 for r > 4. Therefore, the spectral sequence collapses to the Fs-term.
Since V(1) is an M-module spectrum [27], there is no extension problem. Hence
the Es-term gives the homotopy groups of LoV X.

Corollary 4.5. m.(L2VX) = A(G) ® K(2)«{1, ha1, h2o, &, ¢, haol}
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5. THE ADAMS-NOVIKOV F3-TERM FOR LoV (1)

For the sake of convenience, we use the abbreviations:

Ext™*M = Exty" (A, M) for a I'-comodule M,
V=V(1), VX=V()AX,

VY =V()AY, VY =VA)AY,

K(2): = B(2).(V) = Z/3[v2v5 "],

KY = EQ2).(VY) = K(2), ® K(2).{a},

KY' = E(2).(VY') = K(2), © K(2),{d’} and

KX =FE(2).(VX)=K(2). ® K(2).{a} ® K(2).{b}.

Here X, Y and Y are the spectra in (3.1). The I'-comodule structure ¥ (resp. ')
of KX and KY (resp. KY') satisfies

Y(a)=a+t; and (b)) =b—at; +13. (resp. ' (d') =d —t1).

Lemma 5.1. The map i :Y' — Y in (3.2) induces an isomorphism i, : KY' —
KY of comodules such that i.(1) =1 and i.(a’) = —a.

Taking G to be LoV, the short exact sequences of (3.4) induce the long ones
(5.2)
Ext*KY’ = Ext*KX 25 Ext*K(2), - Ext®t'KY’, and
Ext® K(2). - Ext® KX 25 Ext*KY’ -2 Ext*t K (2),
with the connecting homomorphisms
0:Ext**K(2), — Ext*"™KY’ and 0 :Ext**KY’' — Ext*""*K(2)..

Lemma 5.3. As a A((z)-module map, the maps j. and j. of (5.2) send elements
as follows:

J«(1) =0, ji(h11) =0, ji(h2o) =0,
.]*({) = 07 j*((ﬁ) = Ov ]*(hZOf) = 0; and
Jx(1)=0, ji(h11) =0, ji(hao) = h11,
Jx(€) =0, Jilp)=¢& ji(hao&) =0.

Proof. In this proof, we omit vy’s, because they just play a role adjusting the
internal degrees. For a cocycle x 4 ax1 + bz of the cobar complex QK X,

je(r+axy +bxy) =22 and  jL(x + azy + bxa) = 21 + axa,

where z, 21,22 € QfK(2). We notice that £ and ¢ are represented by Massey
products

§ = —(h11,h11,hoo — ho1) and ¢ = (hao — ho1, hi1, hoo — ho1).
Here the product of KX used to define these Massey products is defined by
(x + az1 + bxa)(y + ayr + by2) = zy + a(x1y + zy1) + b(z2y + 21y1 + TY2).
Now we see easily that the cocycles hi1, hog and heg—hs1 are represented as follows:
hin = [t3], hoo = [ta +ati], hao — hoy = [A + atd],

in which A =ty — ¢3 + t{. These show the lemma for 1, hy; and hag.
On the other hand, ¢ is known to exist in Q2K (2), (cf. [20]), and so j.(£) and
jo (&) are both 0, and so is for hap€.
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Since h11(hoo — ha1) = 0, there exists a cochain z such that d(z) = (A+at3) ®1t3.
Using z, € and ¢ are represented by £ = [~t3®z+---] and ¢ = [~ ARz—at}@z+---].
Therefore, we obtain j.(¢) = 0 and j.(¢) = &. q.e.d.
Lemma 5.4. (i) For an element x € Ext" K (2),,

Ir)=ti®@r+adt @
(ii) For an element y = y1 + a'y2 € Ext*KY”,
I(y) =t @y +11 O ys.

Proof. (i) The equation d(x) = w follows from the relation d(bx) = i.(w) in the
cobar complex QF KX by the definition of . Now compute

d(br) = —aty ® x + t] ® w,

since x is a cocycle.
(ii) Write y = 41 + @’y2. By definition, 9'(y) follows from the computation
d(ay1 + bys2). Since y is a cocycle, d(y1) = t1 ® y2 and d(y2) = 0. Then,

d(ay1 +byz) =t @ y1 + aty @ y2 — at1 @y + 15 @ yo.
q.e.d.
First we compute the Fs-terms of Ravenel’s spectral sequence (3.5) with G = V:

Lemma 5.5. The Es-terms are isomorphic, as a K(2)«[bio]-module, to the
K (2).[b1o]-module

A(G2) ® K(2)4[b10]{1, hio, h11,&, bi1, %0, 91, b11&}

Here 1y, 1 and byy are represented by higp, hoof and highoo, respectively, and
their bidegrees are: ||[vol| = (3,16), ||v1]] = (3,24) and ||b11]] = (2, 36).

Proof. We have the only non-trivial differentials:
(5.6) dy(hao) = hioh11  and  di(p) = h1o&,
which is seen by Lemmas 5.3 and 5.4. These show the lemma. q.e.d.
Lemma 5.7. In the spectral sequence (3.5) with G =V,
d.=0
forr > 1.

Proof. Due to [20, p.239], k10, h11, D10, D11, € and b11€ are the cocycles of QF K (2)...
Furthermore, 1y, is represented by the Massey product (h1k, h10,§) for kK = 0,1, and
so these are also cocycles of the complex. This means that every element in the
Es-term is a permanent cycle of the spectral sequence (3.5) as desired. q.e.d.

Therefore, F5 = Eo in the spectral sequence of (3.5). So Lemma 5.5 is restated
as follows:

Theorem 5.8. The Fs-term of the Adams-Novikov spectral sequence for computing
m(L2V (1)) is isomorphic, as a P-module, to the P-module

P ®K @), F @A)
Here,
P = K(2)«[bio] and F = K(2).{1,hi0,h11,b11,,%0,%1,b11&}
and Vi, = (h1k, h1o,&) (Massey product).
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Proposition 5.9. We have the following multiplicative relations:
hiohi1 =0, hioé =0 and hn{=0.

Moreover, we have

Ughloblo = h11b11,  v2h11b1o = —hiob11,
b11€ = vah1ot1 = vah11%0, bio€ = —hiotho = v5 "h11¢,
v3b3y = —b3y, biothr = —vy b1ty and  bigo = vy b1t

read off from the relation of Massey products.

Proof. The triviality hioh11 = 0 and hqp€ = 0 follow from the relation (5.6). h11& =
0 follows from Theorem 4.4. In fact, by degree reason, Theorem 5.8 indicates
hi1€ = xv;lbn@ for some x € Z/3. The edge homomorphism sends this to the
same one in E3(L:VX). In E5(LaVX), h11£ =0, and so x = 0.

For the second half, we have:

(h10, h1o, h1o) = —b1o,  (h11, hi1, hi1) = —bi,
(h11, h10, h1o) = (h1o, b1, hio) = vy 'bi1 + vahiole  and
(h11, h11, hio) = vabig + v2(2h1y.

Therefore, we see that

hiotvo = hio(hio, 1o, &)

v3hiobio = w2(hi1,h11, hio)hio (h10, B0, hno)é

vahi1(h1i1, hio, hio)

= —1 —1
= h = hii(h1i1, h1o,

= wohy1(vy 'b11 + h1o(2) v2“hutr _ :]}2_1<}111< ]11111 ;L?ofg
v2hi1big = —v2hi1(hio, hio, hio) brote = bfo<h10 ’hl() 7€>

= —va(h11, hio, h1o)hio _ <b10h107 hl()’ &)
vehio¥r = v2hio(hur, hio, §) _ (v52b117h11 ’h1o £)

= valho, har, ao)t biotr = biofhi1, h1o,€)
vohi1hy = wvahii(hio, hio, )

(biohi1, h1o,§)

= ot b, huoi = (=vy 'buihio, hao, ).

These have no indeterminacy by degree reason.
For the other relation,
v3b3y = —v3b1o(h10, h1o, h1o) C —v3 (brohio, k1o, h1o)

which contains —b%; with indeterminacy Z/3{v3h1ob11(a}. So put v3b?, = —b?; +
kv3hi11b10(2 and we will show that k = 0. Consider a I'-comodule 4; = A, /(3,v})
for i > 0. Then a short exact sequence 0 — A; — As — A; — 0, which associates
a long exact sequence

(5.10) s — Ext®(A;) 2% Ext®(As) - Ext®(4;) -5 -

By observing the Massey products, we see

(5.11) vibly = —b3; + kvihi1bioCe + lv1vs higto

in Ext*(Ay). We prepare the following lemma which is proved later.
Lemma 5.12. v%hlohllbm@ represents a non-trivial element of Ext5(A2).

Apply th S Eth(A) to (511) to see ’Ughlobfo = —hlob% + kUSthhllblOCQ.
We also have ’U%hloblo = h11b11 and ’U2h11b10 = _hlobll in EXt3(A2) by the same
fashion as in Ext®(A;), because here there is no indeterminacy, either. Thus we
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have vghlobfo = —hmb%1 and so kv%hlohllblogg = 0. Now Lemma 5.12 implies
k = 0 as desired. q.e.d.

Proof of Lemma 5.12. In the cobar complex, vghlohllblocg is homologous to
—0105b30Ce by d(v3tabiola). Therefore, it is a vi-image of —v5b3,Ca € Ext™ ™ (Ay).
Furthermore, Theorem 5.8 implies Ext*™(A;) = {v3b1:£} and §(v3b11€) = 0 in
(5.10), since hy1€ = 0 in Ext®(A;). Since —v3b? (s # 0 € Ext™ (A;), we have the
result. q.e.d.

6. THE HOMOTOPY GROUPS OF LoVj

Let W}, denote the cofiber of g¥ : %10k§0 — S0 and put Vi, = Wi AV for
V =V(1). First we show the following:

Proposition 6.1. For k < 4, Wi admits a map my : Wi A Wi, — Wy such that
me(i A 1w, ) = lw, for the inclusion i : S° — Wy, to the bottom cell.

Proof. Tt suffices to show [Wy, Wi]ior = 0. In fact, we have the cofiber sequence
inl

k
S0k, 2w A W A W
The cofiber sequence defining W}, induces the exact sequences

ﬁk* k*
Tok+1(Wi) = maok+1(Wi) — (Wi, Wiliok — m10k(Wk) —, and

k. B,
m1-106(S%) 25 m(80) — m(Wi) — m—10n-1(S) 25 .

From the table [13, Th. B] (¢f. [20, Table A3.4]) of homotopy groups of spheres, we
pick out

mok(S%) = Z/3{A71} (k <6), mok(S°) =0 (k=6,7,8),
m10k+1(S%) =0 (k:even < 8) and 7_1(S%) = 0.

Therefore, m10x(Wy) = 0 for k < 8 and magr11 (Wy) =0 for k < 4. q.e.d.
Lemma 6.2. [V;,V4], =0.
Proof. Recall [27, Th. 6.11] the track groups of V:

[‘/7 V]—7 =0, [‘/7 V]—G = Z/3{60}7 [Vu V]4 = Z/3{/8160}7
ViV]s = Z/3{B161}, [V,V]a=Z/3{B76c} and [V,V]i5=Z/3{B76:}.
Observing the exact sequences associating to the cofiber sequence 310V By i,
we see that [V, Vi]4 = 0 = [V, V1]15 and then the lemma follows. q.e.d.

Proposition 6.3. There exists a pairing v1 : V AN'Vi — Vi which is an extension
of the identity 1 : V3 — V1.

Proof. Let M denote the mod 3 Moore spectrum as before, and we have the splitting
MAVI =V VEV,
since M AV =V Vv XV. This yields two maps
m:MANV, —V, and d:XVi — M AV,

as a projection and an inclusion. Consider the exact sequence

IV AVA, Vilo 5 [M A VA, Vilo 25 [M A VA, Vila.
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Here [M A V1, Vily = [V1, V1]5 under the induced map from d by Lemma 6.2. Then

we see that a*(m) = 0, since it is the composition X5V LSAMAY D MAY T vV,

which is shown to be trivial in [23, Lemma 2.6]. Thus we have the desired map 4
by pulling m back under 7. q.e.d.

Corollary 6.4. Vi is a ring spectrum.
Proof. By Proposition 6.1, we have a splitting
ViAVL =V AV) VIV AW,

which defines a map j : V1 AV; — V A Vi. Now the structure map is set to be a
composition v17. q.e.d.

Here by a ring spectrum, we mean a spectrum X together with maps p : XAX — X
and 7 : S° — X such that the composition

X=8'Ax" xAx X

is the identity.
We now consider the Es-terms E3(L2Vj) of the Adams-Novikov spectral se-
quence for computing 7. (L2V%).

Proposition 6.5. We have a K(2).-module isomorphism
E5(L2Vi) = P® F @ A(C2, gk)
for k > 0. Here |gr| = 10k + 1, and P and F are those of Theorem 5.8.
Proof. By degree reason, one of Ey'(LyV) and E5' 1% "1(L,V) is trivial. The

k
cofiber sequence X10%1 NS VN Vi — LR +1Y gives rise to the split exact sequence
of E5-terms

(6.6) 0 — ESY(LyV) — E5'(LoWi) — B3 1% 1 (Lyv) — 0.
Now use Theorem 5.8 to get the proposition. q.e.d.
Lemma 6.7. For an element x € P® F ® A((2),

da(zg1) = biow € E3(L2V1)  and  dy(zgo) = bigz € E5(LaVa).

Proof. Let xgy, € E5(L2Vy) for k = 1,2, and consider the cofiber sequence

—_ k —_— N —_ ) —_—
S A s D5 VA By —o Vi A Bapg —o S5V AE, L.

Then it satisfies £(2).(8") = 0. Furthermore, we see that j.(zgy) = = is a perma-
nent cycle of the Adams-Novikov spectral sequence for 7w, (VAEs13), since d,-(z) = 0
for r < 5 by degree reason and for r > 4 by Lemma 1.2. By Lemma 1.4,

dor(2gy) = i (B 2) = i, (Vo) = bhgr  in B3 (Vi A Eyys),

since () represents byg. Since LoV}, = lim, Vi AE,, we have a map LoVy, — ViAE 45
and so we see the lemma by the naturality of the differential. q.e.d.

Theorem 6.8. . (L2V1) 2 F ® A(¢2) as a K(2).-module.
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Proof. The short exact sequence (6.6) gives rise to the long exact sequence
N Eg(LQV) i) E§+2(L2V) SN E§+2(L2V1) _ E§+2(L2V) i} o

since the Ej-term is a homology of the complex (E3,dz2). By the definition of the
connecting homomorphism 6, Lemma 6.7 implies

6(1‘) = blofE.
Therefore, we obtain
E3(L2Vi) = F @ A(C2),
which is described in a chart as follows:

5 b11€C2
4 $1¢2 b11& PC2
3 b11¢2 £C2 Yo
T Y1
s 2 h10C2 3 h11¢2
b1y
1 hig hiy 2
0|1
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
t — s mod 16 —_
This chart shows that E3(L2V7) = E% (L2V1) and no extension problem arises.
Therefore, 7. (LoV1) = E5(L2V1) as desired. q.e.d.

Using this theorem, we obtain one of the main lemmas for determining the
homotopy groups of LoV (1):

Lemma 6.9. In the Adams-Novikov spectral sequence {E*(L2V)} for computing
T (LoV), let x € EZ(LoV') denote an element belonging to the subquotient of P® F'
(V=V(1)). Then,

dr(2C2) = y(2 € EX(L2V)
for some y € E3(LaV') corresponding toy € P® F C E5(L2V).
Proof. Theorem 6.8 certifies the existence of the homotopy element ¢ € m,.(L2V7)

detected by (3. Consider the composition z : V =V A S S Vi & 2V, and
the cofiber sequence

sV A Lo L
Then E(2).(z) =0, since E(2).(V) = K(2). and E(2).(V1) = K(2). ® A(g1), and
so we obtain the short exact sequence

0 — K(2), ® A(g1) = E(2).(C.) 25 K(2), — 0.
This associates the long exact sequence of Fa-terms:
PO F®AG) 5 POF®AG,q1) = E3(L2C:)
I PRQF®AG) — -,

which gives us

E3(LyC,) =i, (PR F® PR F®A(()g) @ jH P ® F().
By Lemma 6.7, we compute

da(ix(2g1)) = ixda(zg1) = ix(broz) € i,(P R F) C E5(L2C)
for x € P ® F. Therefore,

E3(LoC) = i(F & P © Flagr) ® j (P ® F(o).
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For x(y € EZ(LyV) survived from P @ F (s C E5(L2V), we compute
dr(2C2) = dr (. (2C2)) = ju(dr(2€2))
€ (the subquotient of j.(E5T"(L2C.)))
= (the subquotient of P ® F(3) C EZ1"(LyV). q.e.d.
From here on in this section, we will consider the duality. Let uw € m.(L2V1)

denote the homotopy element detected by the element b11£(2 € Foo(L2V1). Then
we have an element u* € [Vi, I3]_39 =Hom(mws9(L2V1), Q/Z(g)) dual to u. Here I

denotes the Brown-Comenetz dual of L,S°. Consider also a composition

TED IR VN (ARG Yl FAay Y
Consider the adjoint

u# 1 273V — Map(V4, 1)

of this map u. Here Map(G, Iz) = I2G is the Brown-Comenetz dual of G, which in-
dicates m, (I2G) = Hom(m.(G), Q/Z3)). The computation of the homotopy groups,
Theorem 6.8 and Proposition 5.9, show the following
Corollary 6.10. The adjoint map Lou? is homotopy equivalent.

In fact, the chart in Theorem 6.8 is written as follows using the dual elements
x* such that zo* = b11&(:

5 1*
4 k1o [$ hT)
3 &r b7, h11¢3
T h10¢3
s T2 h10¢2 £ h11¢2
b1y
1 hig h11 <2
01
0 1 2 3 1 5 6| 7 8 |9 10 11 12 13 14 | 15
t — s mod 16 ——

7. Z/3[v),v5 ]-MODULE STRUCTURE

In this section, we will show the following proposition which will give the homo-
topy groups .(LaV (1)) a Z/3[v), vy *]-module structure.

Lemma 7.1. In the Adams-Novikov spectral sequence for computing m.(L2V (1)),
if d-(2)b1p = 0, then d,.(z) = 0.

Proof. Consider the cofiber sequence
oy ALy Ly iy
for V.=V(1). As in (6.6), we have the short exact sequence
0 — B3 (LaV) 25 B3t (LoVi) — B3 (LyV) — 0.
Since d2(xg1) = bipx in Eg’t(Lgvl) by Lemma 6.7, the short exact sequence yields

the long one:
G BT (L) P B (LaV)
=5 By (LoVi) — Byt T (LeV) — -
Suppose that d,.(x) # 0. Then by Theorem 5.8, the equation d,(z)bjp = 0 in

E}(LoV) implies that d,.(z)b1o must be killed. Let y denote the killer, and i1 (y) is
a permanent cycle by Theorem 6.8. Notice that any element in E5(LyV) for s > 5



1838 KATSUMI SHIMOMURA

is divided by b1g. By a diagram chasing with Lemma 6.7, we see that xby is a
permanent cycle. Therefore, we have i1.(xb1g) = 414(y) in the homotopy groups
m«(L2V7). By Theorem 6.8, the Adams-Novikov filtration of i1.(y) is less than
6 if i.(y) survives to E*(L3V7). Since y has a greater filtration than that of
xb1g, the difference is no less than 4 by degree reason. Therefore, A1t4AN by <
filtAY i1, (y) — 4 < 6 — 4 = 2, which contradicts the fact that filt* b1y = 2. So
suppose that i,(y) is killed. Then, i.(y) = 2b1p = d2(zg1) for some z by Lemma 6.7
and Theorem 6.8. Then by a diagram chasing in the Adams-Novikov exact couple,
we see that z = x, which also contradicts our hypothesis. Therefore d,.(z) = 0 as
desired. q.e.d.

The following chart may help to understand the above proof.

dr (CL‘) — dr ({E)blo
N\ ds
N dr y = | iu(y)
/
X — (Eblo
\% = 1% N %1

Proposition 7.2. In the Adams-Novikov spectral sequence for computing
T (L2V (1)),
dr(v3z) = vdtd,.(x)

for integers t > 0 and r > 1 and for a class © of EX(V(1)).

Proof. We proceed by induction on ¢. It is trivial for t = 0. Suppose that d,.(v3tx) =
v3td,(z). By Lemma 2.4, v3by; is a permanent cycle, and so is (v3b11)? = v§b?, =
v9b3,. Therefore, we have

v3'dy (2) (v3by) = dr(v3'2) (v3b%0) = dr(vy"ably) = dr (v P2)bl

by (1.7). Now apply Lemma 7.1 to see d,. (v %z) = v3"9d, (). q.e.d.

8. THE ADAMS-NOVIKOV DIFFERENTIAL ON LyV(1)

In this section, we compute the differential ds of the Adams-Novikov spectral
sequence for computing m,(L2V'), using the so-called Toda differential. Recall [25]
the Toda differential:

(8.1) ds(bi1) = Ahigh3, in EI(S°) = E](S°)

for some non-zero element A € Z/3. Consider the composition f : S® — V(1) —
L,V (1) of the inclusion to the bottom cell and the localization map.

Lemma 8.2. In EY(LyV),

fuds(b11) = Avahaibyg
for the induced map f. : EZ(S°) — EX(LaV).
Proof. By the derivation property and (8.1),

ds(biy) = —Ahiobigbui,

which is sent to /\vghllb‘{o by the map f,, since h1pb11 = —v2h11b19 by Proposition
5.9. q.e.d.
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Lemma 8.3. If ds(v)) = v} *hy1b2, for some x € Z/3 in E3(LyV), then

ds(vy™) = (@ =Nos T hubly  in EY(LaV),
d5(’U%h10) = 0 mn E56(L2V),
d5 (U%hll) = 0 ] mn Eg (LQV) and
d5 (’U%+3b11) = ZZ?’UJ+3h10b10 m Eg(LQV)
Proof. We compute first:
d5(v§+3b%0) = —d5(v§bf1) by b} = —v3b7, in

4 4 Proposition 5.9,
—ds(v3)b}; — v3 fuds (b1;) by (1.7),
= —zv} ?hy b3y — Ml T hibd, by the hypothesis
and Lemma 8.2.

Since byp acts monomorphically by Theorem 5.8, we obtain the first equation of
the lemma. The other equations follow from Lemma 2.4, using the hypothesized
equation, the derivation property and Proposition 5.9. q.e.d.

Now Theorem 2.6, Proposition 7.2 and Lemma 8.3 yield

Proposition 8.4. The differential ds : E5(L2V) — E:(LyV) for vl, vihio,
vyh11 and vibiy is given as follows:

4 0, §=0,1,5 (9),
ds(v]) = ¢ —Mi 2hiibdy, j=3,4,8(9),
M) 2hib3,,  j=2,6,7(9),

d5(’U%h10) = 0,
d5(’l}%h11) = O,

, Noghiobe,  j=0,1,5 (9),
d5(’U%b11) = 07 ) ] = 374,8 (9)7
_Avéhl()bzli()a ] = 21 67 7 (9)

Lemma 1.4 together with this proposition immediately implies the following
corollary, since v2 detects a homotopy element of 7, (LaV').

Corollary 8.5. Let x € Ef(L2V) be a permanent cycle with 6(vax) # 0. Then
d5(’U2$) = )\(5(1‘)[)%0 + /L(S(l‘)hllgzblo (/L S Z/3),
where § denotes the Bockstein operator given in (1.8).

Proof. By the definition of 6, §(v3) = hq; is seen by Landweber’s formula ng(ve) =
vo +v1t$ mod (3,v%). Since vy is a permanent cycle of the Adams-Novikov spectral
sequence, Lemma 1.9 shows ds(vew) = i1.(w(v2))é(z). We also have ds(v3) =
Ah11b3, by Proposition 8.4. Comparing these, we obtain i1.(w(v2)) = Ab3, mod
Ker hi1. Proposition 5.9 and Theorem 5.8 show that Ker hy; = Z/3{h11{2b10} at
the degree |b%,] = 20. q.e.d.
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Lemma 8.6. Suppose that ds(viibo) = zv} 2€by1b2, for some x € Z/3 in ES(LyV).
Then,

ds(it30) = (z— Nudcbiib?, in ES(LaV),

d5(’U25) = 0 ZTLE;(LQV),
d5(’l}2 bllf) = 0 m Eg(LQV) and

ds(v) ™) = au]"ed, in ES(LoV).

Proof. Tt follows from a direct computation using (1.7), Lemma 8.2 and Proposition
5.9 that

ds (v} 1hobly) = —ds(virhobi, )
= _d5(U%¢0)b%1 - U%¢Od5(b%1)
= —zv] " 2¢b11b3obt, — M ohaibly
= 2v)€b11 b}, + b1 b,
= (z — Nvjébu bl

This implies the first equation.

The second and third ones follow from the hypothesized equation, since hig¥g =
—b10&, h11¢o = v;lbllf and hix€ =0 for £ = 0,1 by Proposition 5.9.

The last one is also obtained from thc similar computation:

ds (V3 brown) = —ds (v3 > bi14bo)
= —ds(v3ho)v3b;; by Lemma 2.4
= zv) b,
using the relations in Proposition 5.9. q.e.d.

In the same way as above, we obtain the following;:

Lemma 8.7. Suppose that d5(1}§§2) = va 2hy1b2 20C in ES(LyV) and d5(v2¢0)
x’v%_ Eb11b3oCa in E2(LaV) for some x,x' € Z/3. Then,

a)  ds(v)00) = (= NvyThiblG in ES(LoV),
d5 (’U%thg) = 0 m E5 (LQV),

d5 (’U2h11C2) = 0 mn E5 (LQV) and
d5(’U2 b11C2) = (E’U2 hlob OCQ mn ES(LZV)

b)  ds(v)Pela) = (2 — Mvagbib3ple in EI(L:V),
ds(vheGa) = 0 in ES(LaV),

d5(’02 b11§<2) = 0 m E510(L2V) and
ds (v} 1 Ga) 2'v) el in B3(LyV).

Lemma 8.8. The hypothesis of the above lemma is satisfied. That is, d5(11é(2) =
xv2_2h11b%0@ and ds(vjole) = x’vQ fbllb oGe for j € Z and x,x’ € Z/3.

Proof. By Theorem 5.8, we may put
d5('U2<2) = $112 hllb OCQ + va 1/)1<2b10 + 21)2 b
for some z,y, z € Z/3 by comparing degrees. By Lemma 2.4, hq1 sends this to
ds (v3h11¢2) = Yo~ 60abYy + 203 ha1 by,



HOMOTOPY GROUPS OF THE L»-LOCALIZED TODA-SMITH SPECTRUM 1841

since h1191 = va&bio by Proposition 5.9. On the other hand, Proposition 8.4 says
d5(v%_1) = wvé_?’hllbfo for some w € Z/3. The element 3 = vahi1(s sends this
to
d5(’l}%h11<2) = 0
by (1.7). Therefore we have y = 0 = z as desired.
For the other equations, it follows immediately from Theorem 5.8 and Lemma
6.9. q.e.d.

9. THE HOMOTOPY GROUPS OF LyVo AND LoV

In this section, we will determine the homotopy groups of LV, and LoV3 for
Vi =V Uge OBV (V = V(1)). Recall from Theorem 5.8 the K(2).-module

F= K(2)*{15 tha h117 blla €7 1/)07 1/)17 bllg}'
Our first result in this section is:
Theorem 9.1. 7, (LaVo) 2 F ® A((2,b10) as a K(2).-module.

Proof. Consider the Adams-Novikov spectral sequence {E(L2V2)}. By (6.6) and
Lemma 6.7, we have the long exact sequence

(9.2) = B (LaV) <= BT (LaV)
' L BEY (LaVa) — EF(LaV) -

with §(z) = b3,x. Therefore,

EX(LaVa) = F ® A(C2, b10),

and we have the chart:

7 1*
6 [$ h1y
5 T
h11¢3
451183 10770 b10¢3
7 L
s 3 b11C2 £Co
bioh11
Y1
2 h10¢2 3
biy
1 hi1g
0 T
0 I 3 : 1 5 G 7 B
t—smod16 ——
7
6 hig
5 £ b1
h10¢5
4] b10¢3 b1ohiq
v
. eck
3 b10¢2 Po
biohio
2 h11¢2
b10
1 hi1 <2
0
B g 0 1 2 3 4 5
t—smod16 ——
Here x* denotes an element such that xx* = b19b11£(s. The element x can

be read off from Proposition 5.9. By this chart, ds(x) = 0 unless z € F' =
K (2).{1, hio, (2, h10(2,b11}. Proposition 8.4, Lemmas 8.7 and 8.8 show d5(z) = 0
for # € F’ in EZ(LyVa), since i.(zbly) = 0 in (9.2). Therefore we see that
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EX(LsVa) = Ex(L2Va). Besides, the extension is trivial, since LoVs is an M-
module spectrum. q.e.d.

Now turn to the homotopy groups m.(L2V3). By Theorem 5.8 and Proposition
6.5, we see that E3(LaV3) = E5(LaV) @ E5(LyV)gs. Therefore, by degree reason,
we see the following

Lemma 9.3.  Ej(LyV3) = EX(LyV) @ Ef (LaV)gs.
In the same way as Lemma 6.7, we obtain the following
Lemma 9.4. For v € P® F ® A(G2) with ds(x) = 0,
dg(2g3) = bz € Eg(LaV3).

Lemma 9.5. Let wgs € E5(L2V3) denote a non-zero element with w € P Q@ F ®
A(C2). If dr(x) = wgs # 0, then r = 5.

Proof. Note that ds(wgs) = 0 for s > 2 by the assumption that d,(z) = wgs. If
r > 5, wgs survives out of ds, and so Lemma 9.4 shows that dg(wgs) = b3 w in
E}(L2V3). Therefore b3,w must be 0 in E}(L2V3), that is, there exists an element
y € BEX(L2V3) = E3(L2V3) such that ds(y) = byw in EX(LaV3). If y = yobY, with
Yo € F®A((2) and u > 0, then d5(yo) = b3ywo for wo with w = b¥,wo, since by acts
monomorphically on Ef(LyV3) by Theorem 5.8 and the naturality of the Adams-
Novikov differential. In fact, b1p detects the homotopy element 8; by Lemma 2.4.
The assumption wgs # 0 in E*(L2V3) shows that u < 3, since d5(y0b7i‘0_393) = wgs
otherwise, which is verified by sending it under the map V3 — ¥3'V by using the
naturality d,(xb10) = dr(x)b1o. Recall (2.7) the definition of the Adams-Novikov
filtration filt and note that filt yo < 5, since yo € F ® A(C2). Then filt b3 wo < 10,
and so filt wgs < 8. On the other hand, if r > 5, then r > 8 by degree reason, and
filt wgs > 8. This is a contradiction. q.e.d.

Lemma 9.6. If w € b3,(P ® F ® A((2)) C E3(L2V3), then w does not survive to
E7(LaV3).

Proof. Put w = b3z for x € P® F ® A(C2). If ds(x) # 0, then ds(w) # 0 and w
dies. Otherwise, Lemma 9.4 shows dg(zg3) = w and w is killed. q.e.d.

Lemma 9.7. E3(L3V3) = EX (LaV3).

Proof. Suppose that d.(x) = y for r > 7. If y # 0, then y = yoby, with yo €
F ® A((2) and v < 3 by Lemmas 9.5 and 9.6. By degree reason, r > 9, and
filt y < 9. Therefore, the only possibility supporting a non-trivial differential is
do(v) = v¥b3yb11£C2, which does not happen by degree reason. In fact, |do(vl)| =
15 (9) and |[v¥b3ob11£Ce| = 11 (9). Therefore, d,.(z) = 0 for r > 7. q.e.d.

Remark 9.8. For an element © € PQF®A({2) C E5(L2V3s), x is a permanent cycle
if ds(x) = 0.
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Proposition 9.9. In the Adams- Nom'k:ov spectral sequence for LoVs, there exists
an element | € Z/3 such that ds(v3'¢2) = 0. Furthermore,

0, j=0,1,5(9),

d5(U%+3lC2) = AU%+3I_2h11b%0<2, _] = 3, 4, 8 (9),
A2 020G, 5 =2,6,7 (9),

ds(U%JrBlhloCz) =
ds(U%JrBlhllCz) =

o o

j+31 )\v2+ lhlomez, j=0,1,5 (9)
ds(vy " b11G2) = 0, 5 =348 (9)
2P b, 5 =2,6,7 (9).

Proof. Suppose that ds(C2) = zvy 2h11b30C2 in Ej(L2V) by Lemma 8.8. Then the
coefficients of ds(v3(2) and ds(vS$(s) are © — X and z + A, respectively, by Lemma
8.7. Since A = &1, one of , x — X and = + A is zero as desired.

It suffices to show the equation on d5(v5¢2) by Lemma 8.7. Consider the inclusion
V' — V3, and Theorem 2.6 shows that v} is permanent if 5 = 0,1, 5 (9) in the Adams-
Novikov spectral sequence for LoV as well. Take [ € Z/3 so that ds(v3'(2) = 0 as
shown above. Then Lemma 8.7 shows the case for j =0,3,6 (9). The Bockstein
operation § acts also trivially on v3'(a, in fact, §(v3') = 0 and 6((2) = 0. Now we
can apply Lemma 1.9 to get

ds (V3 (o) = inu(w(v]))6(v3'C2) = 0

for j = 1,5 (9), since 6(v3!¢2) = 0 and d(v ]+3lC2) # 0 in these cases. The others
follow again from Lemma 8.7 immediately. q.e.d.

Proposition 9.10. In the Adams-Novikov spectral sequence for LoVs, there exists
an element k € Z/3 such that ds(v3F1y) = 0. Using k we can state the differential
as follows:

_ 0, J=0,4,8(9),
d5(v§k+J¢0) = )\v3k+J 3€b11b107 .7 = 27377 (9>7
_ v 3’“*] 3¢bigb2,,  j=1,5,6(9),
d5(’l}%f) = O,
ds(v3b11€) = 0,
_ 0, J=3,4,8(9),
ds (v ) = § —adT e j=2,6,7(9),
AUS’W Yebd,,  j=0,1,5(9),
_ 0, j=0,4,8(9),
ds (3" goca) = ST eh 020G, 5 =2,3,7 (9),
4 Av 3’”31“ Seb11b3Ca,  §=1,5,6(9),
ds(v3€C2) = O,
ds(v3b116G2) = 0,
‘ 0, j=3,4,8(9),
d5(vgk+3l+Jw1<2) _ /\U3k+3l+3 1§b3 Gy §=2,6,7(9),

MGG =015 (),
forl € Z/3 of Proposition 9.9.
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Proof. Let 6 denote the Bockstein operation in (1.8). By degree 1reason7 ¥ = v3o
in the cobar complex, and so 0 = §(¢3) = v36(wo) — vah11vo = v36(¢o) — b11€.
Thus

(9.11) 6(1ho) = v5 *b1i€.
This implies
(9.12) §(v3io) =0

by Proposition 5.9. As in the proof of Proposition 9.9, we obtain an element k of
Z/3 such that ds(v3¥1) = 0 from Lemma 8.6. Now Corollary 8.5 is applied to
show

ds (03" o) = A3 b €bi
under (9.11), since h11£ = 0 by Proposition 5.9. Therefore, we have the proposition
for 3k + j with 7 =0,3,6,1,4,7 (9) by Lemma 8.6.

By Lemma 8.6, one of d5(v 3k+2+3m1/) ) for m = 0,1, 2 is zero. Suppose now that
ds (v3FT2T3map0) = 0. Corollary 8.5 and (9.12) show ds(v3*3T3™4)3) = 0, which
contradicts the previous result if mm = 0,1. Therefore, ds(v 3’”81/;0) = 0. With
Lemma 8.6, we obtain the ﬁrst four equations.

As we have seen above, 1)2 + 1o is permanent by Remark 9.8 if j = 0,4,8 (9).

v3'¢, is also permanent by Proposition 9.9. We then apply Lemma 1.9 to show

ds (BF T 480Ca) = i (w0300 )) (031 Ca) = 0.

In fact, §(v3'¢2) = 0 and i,.0(v3 R8T 0 ) = V3L (vhee) # 0 for j = 0,4 (9)
by (9.11) and Proposition 5.9.

By Lemma 8.7, one of ds(v = 0 for m = 0,1,2. Then again
apply Corollary 8.5 and (9.12) to see ds(v3*T3F3mF340¢,) = 0, which contradicts
the previous case if m = 0,1, and so m = 2.

Lemmas 8.7 and 8.8 show the other equations. q.e.d.

3k+3l+3m+21/} <— )

By Lemma 9.3, we obtain
Proposition 9.13. 1) The equations in Propositions 9.9 and 9.10 hold true in
EX(LLV).
2) For an equation ds(x) = y in Propositions 8.4, 9.9 and 9.10, ds(zgs) = ygs
in EX(LaV3).
To describe the Eg-terms, we introduce the notations:
K =27/3[3,v,°), V=2/3{1,v,03}, V =2Z/3{v3,03,v3,05, 0,03},
P = Z/3[blo] Py = P/(b 0) = Z/3[bio]/ (by),
Z/3{1 vghao, vy * Ry, v3bir, vy o, 03", v TR, 0" by
Z/3{’U2 2h11,’()2 5511} and F3 Z/3{U§h10, 3k+2§},
for k and [ in Z/3 given in Propositions 9.9 and 9.10.
Then Propositions 8.4, 9.9, 9.10 and 9.13 imply the following

Proposition 9.14. The Eg-term of the Adams-Novikov spectral sequence for LaV3
are isomorphic to the tensor product of the K -module A(v3' (s, g3) and the K -module
of the direct sum of

KVRPRF, KQVeP,®F and
K®V®P;® Fs.
Here l € Z/3 is the element given in Proposition 9.9.
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Now Lemmas 9.4 and 9.7 show

Theorem 9.15. The homotopy groups of LaV3 is isomorphic to the tensor product
of K-module A(v3'¢2) and the K-module of the direct sum of

KoVePzeF, KVePoF,®Ags) and
KoV e P F®Ags).

Proof. The module structure of E7(L2V3) is read off from Proposition 9.14 and
Lemma 9.4, which gives the F,-term by Lemma 9.7. Since V3 is an M-module
spectrum, the extensions are trivial. q.e.d.

Propositions 8.4 and 9.13 also show

Proposition 9.16. The Eg-term of the Adams-Novikov spectral sequence for LoV
is isomorphic to the tensor product of the K-module A(v3'(2) and the K-module of
the direct sum of

KQVePQRF, KQVRP,®F, ad KV QPR F;.

10. THE E1p-TERM OF THE ADAMS-NOVIKOV SPECTRAL SEQUENCE FOR LoV

In this section we compute dy : E§(L2V) — E5t(LaV), in fact, E§(L2V) =
E§(L2V) by degree reason.

Lemma 10.1. In the Adams-Novikov spectral sequence for computing m.(LaV),

do(vihio) = v °bf,, j=3,4,8(9), and
do(vy P hoGa) = 03T G, 5 =3,4,8(9),

up to sign, for I of Proposition 9.9.

Proof. In this proof, the equations are all up to sign. Since 8¢ = 0 in 7. (S%) (cf.
[20]),
(10.2)

xbY, is killed in E(LyV) for any permanent cycle x € Ej(LaV).

As we have seen that v% is a permanent cycle for j = 0,1,5 (9) in Theorem 2.6,

v3b8, must be killed by virtue of (10.2). Comparing the degrees in sight of Theorem
5.8, cither
do(vy o) = vdbYy or  do(v]haobio) = v3bl

holds. If j = 0 (9) for k = 0, if j = 1 or 5 (9) for k = 1, or if k = 2, then v} 3¢ dies
in E§(L2V) by Proposition 9.10, where k is an element of Z/3 given in Proposition
9.10. Therefore, the only choice is do(v3 > hiob1o) = v3bS, in this case.

Suppose the other case where j = 1 or 5 (9) if K = 0, and j = 0 (9) if
k = 1. Suppose further that dg(U%+3’t!J0) = v%b?o, and multiply it by hig to get
do (V3 3 4poh1o) = v3h10bS,, which equals

dg(’l}%—,—gfl)lo) = Ugthb?Q

by the relation ¥gh19p = —b1p€ of Proposition 5.9. Since d5(v§b11) = iv%h10b§0
by Proposition 8.4, we see that do(v]T€b1g) = v3h10bS, = d5(vib11b3,) = 0 in
Eg(LaV). Therefore, do(v]t3¢) = 0 by Lemma 7.1. If dy3(v]™2€) # 0, then
di3(v3T2€) = v~ 'b] ¢ by Theorem 5.8, since it is the only choice. Suppose that
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U%b{o # 0 in F{3(L2V). This implies that vé_lgg is a permanent cycle by Lemma
7.1, and so v} 'b%,¢, must be killed by virtue of (10.2). This is a contradiction. In
fact, if d,.(z) = v} 'bSyCa, then d,.(zb1o) = v}~ 'by¢s. By the supposition, r > 13,
and there is no candidate for « by Theorem 5.8. Therefore, di3(v] 7€) = 0. Again
use (10.2) to see that v 2€bS, must be killed in the spectral sequence for Ejg A V.
Theorem 5.8 and Lemma 6.9 show that the only possibility is

dlg(’UQ hl()) = U2+3b 05'

Theorem 5.8 also shows that v37°0%,¢ is not killed by dy. Therefore the above
equation implies

dlg( hlob )— U2+3b Of in E%g(LQV),

which contradicts to Proposition 9.16 in which v} hlob is shown not to be Fg-
term for j = 0,1,5 (9). Therefore, the only choice is also do (v} higb1o) = v]b$, in
this case, which shows the first equation.

By the same argument as above, we obtain the other ones. q.e.d.

Corollary 10.3. For the differential dy,

d%gvéhu) = Ué_;l’lblib%o, _] = 3,7,8 (9), and
dg(’U%+ h11<2) = ’U%-’_ - bllb%OCQ, jE3,778 (9)

Proof. Since v3by; is a permanent cycle and originates from the sphere, the first
equation of Lemma 10.1 with v3 3b1, gives rise to dg(v2 hlobll) = v%bllb‘;’o, and
the first one since higb11 = —v2h11b1¢ in Proposition 5.9. By the same reason, we
obtain the second half. q.e.d.

Corollary 10.4. The element I of Z/3 in Proposition 9.9 is zero. That is, ds(v3(a)
=0 for j=0,1,5 (9).

Proof. Since vahi1(2 is a permanent cycle by Lemma 2.4, Corollary 10.3 indicates
that j # 3,7,8 (9) if j + 3] = 1 (9). Therefore, | # 1. Similarly, vihq1(o is
permanent, and so j # 3,7,8 (9) if j + 31 =4 (9). This shows that l #2. q.e.d.

Proposition 10.5. In the Adams-Novikov spectral sequence for m.(L2V),

dg(v2h10) = 3b§0, j=3,4,8(9),
( hll) = b11b107 _] = 3,7,8 (9),
dy (v} H'?’k £ = UH'?’k Sw by, 7=2,3,7(9), and
do(v] 3+3’“ 1€) 3+3’“ 2bly, j=1,5,6 (9); and
do(v]h10G2) v B30 o, j=3,4,8(9),
dg(’l}2h11C2) = ’02_41)11[)10C2, _] = 3,7,8 (9),
do(vdT*ecy) = iR TEyobla, §=2,3,7(9), and
do(v) ™" bus@ vf“"“ 2P1b3Ce, 5 =1,5,6 (9)

up to sign for k € Z/3 in Proposition 9.10.

Proof. We have seen the first, the second, the fifth and the sixth equations by
Lemma 10.1 and Corollary 10.3.
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By Theorem 5.8, for j = 3k + m with m = 0,4, 8 (9),

do(vi0) € Z/3{v] °bSy, v] " h11b3oCa, v) CnbipCe} and
dg(i)Ql/}()CQ) S Z/3{’02 3b 0<2}-

By Proposition 9.16 and the first and the fifth equations, we see that v3~°b%, and

blOCQ are killed by ds or dg for any j. The element ’U2 hllbw@ is similarly
seen to be away from the Ejo-term. The other element v}~ 1/)1b10C2 is also zero
in the Eg-term by Proposition 9.16 in this case. Therefore, dg(’Ué’dJQ) 0 and
dg(véwogg) = 0. Hence, v2w0 and v2z/10C2 are permanent cycles of the Adams-
Novikov spectral sequences for m. (V' A Ei6) and m.(V A Ei7), respectively, and
02¢0b o and 02¢0b 0C2 must be killed by virtue of (10.2). By Lemma 6. 9 thHCg
cannot be a killer of vgwob%. Proposition 9.16 says that ’U b10 and ’U2 b10C2 are
dead in the Fg-term for j = 3k + m with m = 0,4, 8 (9). Therefore, we have the

only choice dg(v]2€b3) = viobS, and do(v]T>€b3,Ca) = viebSyCa, and so
do(v3T2€) = viobly and do(v3T’EC) = vithobleC
for j = 3k+m with m = 0,4, 8 ( ) by Propos1t10n 9.16. Now (/3 = vab1y

sends these to do(v]T0b116) = viT3by1pobly = v3TH1b3, and do(v]0b116¢) =
wlb 0C2 as desired. q.e.d.

These imply the following

Theorem 10.6. The Fig-term of the Adams-Novikov spectral sequence for
m(L2V (1)) is isomorphic to the tensor product of A((2) and the direct sum of
P-modules
KoVe® P4 & {’Ugbll, k- 1’(!)0}
K®V®Ps®{l, vgk"'gw }
K®V®P2®{’02_2h11,’l}2 gbll} and
K@V ® Py ® {v3hig, v3F+2¢}.

Corollary 10.7. 7. (LoV) & Efy(L2V).

Proof. Theorem 10.6 shows E$;(L2V) = 0 if s > 12, and we see that di3 = 0.
Therefore, E* (L2V) = Efy(L2V). Since LoV is an M-module spectrum (cf. [27]),
the homotopy groups of LoV are a Z/3-vector space, and so there arises no extension
problem, and we have the corollary. q.e.d.

11. THE NON-EXISTENCE OF [-ELEMENTS

The definition (2.1) of S-elements gives us a representative of each 3-element in
the cobar complex, which we have in [14, Lemma 4.4]:

Bary1 = [—v5Fbio + -] and Bspyo = [0t @13 —t; @18 4+ -]
Consider the composition
£i80 L 80 B2 Ly (1),

where n : SY — L5509 is the localization map, and i and i; are maps of (1.5) and
(1.6).

Proposition 11.1. In the Adams-Novikov spectral sequence for computing m.(S°),
B € E3(S%) dies under ds if t = 4,7 (9), and under dy if t = 8 (9).
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Proof. By (2.1), f«(B3s+1) = v3°b1o and f.(Bosss) = v3° T hi1¢a. Then for the case
where t = 4,7 (9), we compute f.(ds(B3s+1)) = ds(v3*)b1o by the naturality, which
is not zero by Proposition 8.4 unless s = 0 (3). Therefore, ds(f354+1) # 0 in this
case. In the same way, f.(do(Bos+s)) = do(v3*F"hi1(2) # 0 by Corollaries 10.3 and
10.4. qe.d.

We next consider more (-elements. Recall [12] the definition of 8-elements in
the Es-term of the Adams-Novikov spectral sequence for S°. In v, !BP,, Miller,
Ravenel and Wilson introduce elements z; such that

(112) d(w:) = +oi® T3S mod (3,017 )
for the differential d : vy ' BP, — vy ! BP.(BP) defined by d = ng — nr,. These are

restated as elements of F(2),:

x; =v3 (fori Slz, Ty = v) —vivs and
4.(371-1) 9.3i1 .
xi:xf_l—i—vl( )vgg L (fori > 3).

By (11.2), we see that

(11.3)

2} € Ext®(4/(3,01))
for j < 4-3""1. Now consider the connecting homomorphisms
9; : Ext®(A/(3,v])) — Ext'(A/(3)) and 9 :Ext'(A/(3)) — Ext*(A)

associated to the short exact sequences 0 — A/(3) — A/(3) — A/(3,v]) — 0 and
0—-A— A— A/(3) — 0. Then S-elements are defined by (cf. [12])

(11.4) Baisy; = 00;(xf) € Ext?(A)
for j<4-37lands>1,and at s =1,
By = 00;(v3) € Ext?(A)
for j < 3. As usual, 8, = 3, s1- This gives us an idea to define another (-element:
(11.5) Biasj = 00;(v3 ) € Ext?(A)

for j < 3" and s > 0. In order to distinguish these (-elements, we denote the
B-elements of (11.4) by 8% _,. for j < 3" and s > 0. Then the -elements of (11.5)
give rise to

s/j

Fe(Baiaysi) = [Svgzbifs’ﬁﬁblo], iis odd > 1,
) [sv; bimze ), i is even > 0.
Here b; s = (3° — 1)/4 + 3"(s — 1). Therefore, Proposition 8.4 shows

Theorem 11.6. By, 3/3 and Psi4/3: die under ds in E%(S%) fort>0,i>1 and
sZ0 (3).
In particular, we have Ravenel’s odd primary Kervaire invariant theorem [18]:

Corollary 11.7. In the Adams-Novikov spectral sequence at p =3, ds(Bs:/3i) # 0
fori>0.

An additional result is obtained from [18]
Corollary 11.8. For the 3-element Bo¢ /3,2 € E2(S9),
ds(Bot/3,2) # 0
fort £0 (9).
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By (11.3), (11.4) and (11.5), we have a relation between these S-elements:

Fe(Bigs;) = Fo(Bsisys) = [e(Blos—2).31-2/j—3i43i-2)

for j < 3%. Furthermore, (11.2) shows

Fe(B3is5) =0

for i > 2, s > 0 and j < 3°. Therefore, we cannot tell from our results whether
the three primary Kervaire invariant elements b1; of the Adams spectral sequence
is permanent. In fact, for example, b2 is obtained from By/9 £ 87 € 7. (S°), which

is ﬂgL/g and f*(ﬁé/g) =0 € m(L2V(1)).
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